A TOPOLOGICAL GRADING ON BORDERED HEEGAARD FLOER HOMOLOGY 



VINICIUS GRIPP AND YANG HUANG 

ABSTRACT. In a previous work [1], we defined an absolute grading on Heegaard Floer homology 
by homotopy classes of oriented 2-plane fields. In this paper, we generalize our construction to 
bordered Heegaard Floer homology. 



1. Introduction 

For a closed oriented 3-manifold Y, Ozsvath and Szabo [3] defined the Heegaard Floer homol- 
ogy groups HF(Y), HF°°(Y), HF~(Y) and HF + (Y), which are invariants of Y. These groups 
split into direct sums of groups by Spin c structures, each of which is relatively graded. In [1], we 
constructed a canonical absolute grading for these groups taking values in the set of homotopy 
classes of oriented 2-plane fields, or equivalently, the set of homotopy classes of nonvanishing 
vector fields. In this paper, we will define a similar geometric grading on bordered Heegaard Floer 
homology. 

We start by briefly reviewing the construction of bordered Heegaard Floer homology, follow- 
ing [2]. Consider a compact oriented 3-manifold Y with non-empty connected boundary. A 
parametrization of dY is an orientation preserving diffeomorphism <p '■ dY — > F, where F is 
a closed oriented surface with a prescribed handle decomposition. According to [2], one can asso- 
ciate to F a differential graded algebra A(F). See § 2 for the precise definition of A(F). Then one 
defines the so-called type A and type D modules of Y, denoted by CFA(Y) and CFD(Y). The 
type A module CFA(Y) is a right A 00 -module over A(F). That means that there exist maps 

mi : CFA{Y) ® A{F)®^ l ~ V} -> CFA(Y), 

satisfying the A 00 -relations, see e.g. [2, Eq. (2.6)]. Here the tensor product is taken over an 
appropriate ring, as we will review in §3.3. The type D module CFD(Y) is a left differential 

module over A(—F), that is there exists a map d : CFD{Y) — > CFD(Y), which squares to and 
which satisfies the Leibniz rule with respect to the left action of A(—F). It is also shown in [2] that 
if Yi and Y 2 are compact 3-manifolds such that dYi = —dY 2 , then there is a homotopy equivalence 

(1.0.1) $ : CFA{Y 1 ) ® CFD(Y 2 ) -> CF{Y X U f Y 2 ). 

Here ® denotes the derived tensor product. For a closed oriented 3-manifold Y, we denote by 
Vect(Y) the set of homotopy classes of non- vanishing vector fields on Y . The goal of this paper is 
to prove the following theorems. 

Theorem 1.1. Given a parameterized surface F as above, there exist a groupoid G(F), with a In- 
action denoted by X 1 for a given n e Z, and a grading function gr with values on G(F) satisfying 
the following conditions: 
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(1) If a, b are two composable generators of A(F), then gr(a • b) = gr(a) ■ gr(6). 

(2) If a is a generator of A(F), then gr(<9a) = A _1 gr(a). 

Remark 1.2. It turns out that G(F) is by construction a set of co-oriented plane fields on F x 
[0, 1] modulo homotopy. 1 The multiplication rule is by the obvious stacking of plane fields when 
the boundary condition matches. Sometimes these plane fields can be realized as tight contact 
structures on F x [0, 1] with convex boundary, and G(F) can be mapped into the (universal) 
contact category C(F) due to Honda [5]. But we shall not explore this issue any further in this 
paper. 

Theorem 1.3. For any compact 3-manifold Y with boundary F, there exist a set S(Y) of non- 
vanishing vector fields on Y, admitting a right action by G(F) and a left action by G(—F), and a 
grading gr on CFA(Y) and CFD{Y) with values on S(Y) such that 

(a) If x is a generator of CFA(Y) and ai, . . . , ai are generators of A(F) such that 
m l+l (x\ at, . . . ,a{) ^ 0, then 

gr(m m (x; a l: ... : a l ) = A^grO) ' g r Oi) • • • gr(aj)- 

(b) If x is a generator of CFD(Y), then gr(<9x) = A~ 1 gr(x). 

Theorem 1.4. Let Y\ and Y 2 be compact 3-manifolds such that dYi = —dY 2 . Then there exist a 
set S(Yj) ® S(Y 2 ) and a map V : S(Y 1 ) g> S(Y 2 ) -»■ V(Y) such that 

gr($(a ® 6)) = *(gr(a) ® gr(6)) 

for any generators a in CFA(Y\) and b in CFD(Y 2 ). Here gr denotes the absolute grading in 
Heegaard Floer homology from [1 ]. 

The paper is organized as follows: In § 2, we first review the definition of the strand alge- 
bra A(F) associated to a parameterized closed surface F following [2]. Then we construct the 
groupoid G(F) in which the grading on A(F) takes value, and give the proof for Theorem 1.1. We 
finish this section by comparing our geometric grading on A(F) with the previously constructed 
grading in [2]. § 3 is devoted to the construction of the "left-G(— F) and right-G(F) bimod- 
ule" S(Y) in which the grading on CFA(Y) and CFD{Y) takes value. Some variations of the 
standard Pontryagin-Thom construction are made in this section which enable us to compute the 
relative gradings needed for the proof of Theorem 1.3. The proof of Theorem 1.4 is provided in 
§4. 

2. The grading on the algebra 

In this section, we construct the grading on the algebra A(Z). This grading takes values in 
a certain groupoid G(Z). Before defining G(Z) and the grading, we will quickly review the 
construction of A(Z). For a more thorough exposition, see [2]. 



By choosing a Riemannian metric on a 3-manifold, we can identify the set of nonvanishing vector fields with the 
set of co-oriented plane fields, modulo homotopy, by taking the orthogonal complement. 
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2. 1 . The construction of the algebra A{Z). The strand algebra A{Z) is defined as a subalgebra 
of A(Ak). As a Z/2-vector space, A{Ak) is generated by partial permutations (S, T, 0), where S 
and T are subsets of {1, ... , Ak} containing the same number of elements and : S — > T is a 
bijection such that 0(i) > i for every i E S. We can represent (S, T, 0) by a diagram with Ak 
points on the left and on the right and with strands connecting the set S on the left with the set 
T on the right. This diagram is required to have the smallest possible number of crossings. Each 
crossing corresponds to what is called an inversion, i.e. a pair of points i, j E {1, . . . , Ak} with 
i < j and <f)(i) > 4>(j). It follows from this definition that the strands either go up or stay horizontal 
if we read from left to right. The product of (S, T, 0) with (S', T', 0') is defined to be (S, V , 0' o 0) 
provided that T = S' and that the number of inversions of the diagram for (5*, T", 0' o 0) equals 
the sum of the number of inversions of the diagrams for (S, T, 0) with (S", T', 0'). Otherwise, the 
product is set to be 0. For each subset S, one can define an idempotent element I(S) = (S, S, Is). 
One can also define a differential on A(Ak) as follows. For a generator a of A(Ak), let da be 
the sum over all ways to smooth one crossing of a, where we require all the terms of this sum to 
have exactly one less intersection than a. In other words, if smoothing one crossings decreases the 
number of inversions by more than 1, we set that term to zero. 

We denote by [2 A;] the set {1, . . . , 2k}. A pointed matched circle Z is a quadruple (Z, a, M, z) 
consisting of an oriented circle Z, a set of Ak points a in Z, a two-to-one function M : a — > [2k] 
and a basepoint z E Z \ a. We also require that 0-surgery on Z along the pairs of points that are 
matched by M yields to a single circle. A pointed matched circle gives rise to a surface F(Z) of 
genus k, which we often denote by F. The surface F is obtained by starting with a disk whose 
oriented boundary is Z, attaching 1 -handles along all the pairs matched by M and attaching a 
0-handle to the boundary circle. We observe that we can find a self-indexing Morse function 
/ : F — > [0, 2] such that Z = / _1 (3/2) and a is the intersection between Z and the ascending 
manifolds from the index one critical points. We can identify [2k] with the set of index one critical 
points {px, . . . ,p 2k }- 

By a Reeb chord p, we mean an oriented arc on Z \ z, with the same orientation as Z, whose 
boundary lies in a. We denote by p~ the initial endpoint of p and by p + its final endpoint. We 
write p = [p~, p + ]. A set p = {p l7 . . . , p m } of Reeb chords is said to be consistent if both sets 
p~ := {p^, . . . , p~ } and p + := . . . , p+} have exactly m elements. A consistent set of Reeb 
chords p gives rise to an element a (p) in A(Ak) given by 

a (p)= J2 (SUp-,SUp + ,(j) S ) 

Sc{0,...,4fe} 

sn(p-up+)=0 

where <j>s\s = I and 4>s{pj) = pf for every i. Now, for every s C [2k], we can define the following 
idempotent 

J(S) := J ^)- 

S'C{0,...,4fc} 
M maps S bijectively to s 

We let 1(Z) be the ring of idempotents, which is defined to be the algebra generated by the ele- 
ments I(s) for s E [2k]. The unit of this algebra is 

I:= £/(s). 

sC[2fc] 
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We now define the algebra A(Z) to be the subalgebra of A{4k) generated by T(Z) and by the ele- 
ments a(p) := Ia (p)I, for every consistent set of Reeb chords p. The algebra A(Z) is generated 
as a Z/2-vector space by elements of the form /(s)a(p). We note that if /(s)a(p) ^ 0, then M\ p - 
and M\ p + are injective, M(p~) C s and (s \ M(p~)) n M(p+) = 0. 

Recall the three different ways that two Reeb chords can intersect. A pair of Reeb chords 
{pi, p 2 } is said to be interleaved if pj~ < pj < pf < p+ for % — j + 1 or i = j — 1, and nested if 
Pi < Pj < Pj < P« + f° r * = j + 1 or i = j — 1. The Reeb chords p x and p 2 are said to abut if 
Pi = /°2 • m m i s case ' one defines their jom to be pi t±J p 2 := [p^, pj]. 

2.2. The groupoid G(Z). Let F = F{Z). We consider the bundle TF © R -> F, where 1 
is the trivial real line bundle. We interpret this bundle as the pullback of the tangent bundle of a 
three-manifold in which F is embedded, so we call sections of this bundle vector fields on F. We 
will now construct a vector field v' Q : F — > TF © M. Let / be a self-indexing Morse function 
compatible with Z as above. Consider its gradient vector field V/ and modify it to first eliminate 
the index zero and index two critical points as follows. Let 7 be the flow line passing through 
the basepoint z, which connects the index zero critical point to the index two critical point. Let 
iV(7) denote a neighborhood of 7. Figure 1(a) illustrates V/ restricted to ^(7). We now define a 
nonvanishing vector field on ^(7), which coincides with V/ on dN(y), as shown in Figure 1(b). 
This picture determines the desired vector field up to homotopy relative to the boundary. This is 
similar to the construction in [1, §2]. Let v' denote the vector field given by this this construction 
in iV(7) and by V/ in the complement of Nfa). 




(a) (b) 

Figure 1 . (a) The gradient vector field V/ in a neighborhood of the flow line 
passing through z. (b) The non-vanishing vector field in the same neighborhood 
after modification. The red arrow on the left is pointing into the page and the arrow 
on the right is pointing out. 

Note that each subset s C [2k] corresponds to a set of index one critical points of /, under the 
identification [2k] = {p\, . . . ,p2k}- We denote by s the subset [2k] \ s. For s C [2k], let S be 
a bump function, which equals 1 at each point of s and outside of small neighborhoods of each 
point of s. We denote by |s| the cardinality of the set s. 

Definition 2.1. For each s G [2k], we define v s : F — > TF © R. to be the vector field given by 

v s = v + S - - 
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Here t denotes the ^-coordinate. 

We can now define the grading set G(Z). 

Definition 2.2. For s, t £ [2k], such that |s| = |t|, we define C7(s,t) to be set of the homotopy 
class of nonvanishing vector fields on F x [0, 1] that restrict to v s on F x {0} and to v t in Fx{l}. 
We define G(Z) to be the disjoint union ofG(s, t)for all s, t C [2k] such that |s| = |t|. 

Given vector fields v,w onF x [0, 1] such that w|fx{i} = H-Fx{o}> we can take their concatena- 
tion v ■ w, which we see as a vector field on F x [0, 1]. So given [v] £ C7(s, t) and [w] £ G(t, u), 
we define their composition by [v] ■ [w] := [v ■ w] £ G(s, u). We now recall the definition of a 
groupoid. 

Definition 2.3. A groupoid is the set of morphisms of a small category 2 in which every morphism 
is invertible. 

We observe that G[Z) is a groupoid, coming from a category whose objects are the vector fields 
v s for s C [2k]. The groupoid G[Z) admits a Z-action, defined as follows. We will denote the 
action of an integer n £ Z by A n . First observe that, since tv 3 (S 2 ) ~ Z, there is a Z-action on the 
set of homotopy classes of nonvanishing vector fields on a ball B 3 relative to its boundary. Our 
sign convention 3 is such that the Hopf map S 3 — >■ S 2 acts on B 3 by A -1 . Let [v] £ G(Z) and fix 
a ball B in the interior of F x [0, 1]. For n £ Z, we define A n ■ [v] to be the relative homotopy 
class of the vector field obtained by the acting on v\b by X n and keeping v constant outside B. We 
observe that 

A--(H-H) = (A"-H)-H = H-(A^M). 

2.3. A G{Z) -grading on A(Z). Recall that the strand algebra A(Z) is generated as a Z/2 vector 
field by all the elements of the form I(s)a(p), where s C [2k] and p = {p 1 , . . . , p m } is a consistent 
set of Reeb chords. For every element I(s)a(p) ^ 0, we will define its grading gr(/(s)a(p)) £ 
G(s, t). where t = M(p+) U (s \ M(p~)). 

For a general s C [2k], in order to draw a picture of v s : F — > TF © R away from the index 
and 2 critical points, we will project it to a vector field on TF and decorate the zeros of this vector 
field using the following convention: an index one critical point p is decorated with " + " if v s = d t 
at p, and with " — " if v s = —d t at p. 

We will define the grading function gr by steps as follows. 

Step 1. Assume that p consists of a single Reeb orbit p, such that M ^ M(p + ). We now 
construct gr(J(s)a(p)). 

We will define a vector field V( S;P \ on F x [0, 1] such that [v r s>p )] £ G(s, t). Recall that we are 
identifying a point in [2k] with its corresponding index one critical point. Let pi = M(p~) and 
Pj = M(p + ). So t = {pj} U (s \ {pi}). It follows from our construction in §2.2 that v s and v t only 
differ in small neighborhoods of pi and pj. 

Let p be the arc from p^ to pj consisting of three pieces: the gradient trajectory from pi to p~ , 
the Reeb chord p and the gradient trajectory from pj to p + , as shown in Figure 2. 



A small category is a category where the objects form a set. 

Note that our sign convention is the opposite of the usual one, but agrees with the one in [1]. 
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Figure 2. Reeb chord p. 

Let N(p) C F be a tubular neighborhood of p. The vector field v s restricted to N(p) is depicted 
in Figure 3. 
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Figure 3. The neighborhood N(p) of p. 

Define i>( s ,p) on F x {0} and F x {1} by setting it equal to v s and u t , respectively. Since 
v s = v t on the complement of N(p), we can extend V( S , P ) on (F \ N(p)) x [0, 1], by requiring it 
to be invariant in the [0, Indirection. The embedding N(p) C M 2 , as shown in Figure 3, gives rise 
to a trivialization of TF\ N ^ and, therefore, we obtain a trivialization of T(F x [0, l])|jv(p)x[o,il- 
We observe that, under the identification given by this trivialization, v s \^^ (0,0,1) = pi and 

Vt liv(p)(0' ^' -0 = Pi- ^ ne P omts Pi an d Pi are framed codimension two submanifolds of N(p). 
By the relative Pontryagin-Thom construction, in order to define a nonvanishing vector field on 
N(p) x [0, 1] with the given boundary condition, it is enough to choose a framed 1-manifold, 
whose intersection with the boundary is {p^ x {0} U {pj} x {1} with the given framing. We 
choose a framed 1-manifold as follows. Let j : [0, 1] — > F be a smoothing of p such that 7(0) = pi 
and 7(1) = p^ Let 7 : [0, 1] -> F x [0, 1] be the arc defined by j(t) = (l(t),t). Since F x {t} is 
always transverse to 7, the embedding N(p) C M 2 gives a canonical framing on 7. Now, using this 
framed 1-manifold, the Pontryagin-Thom construction allows us to extend vr a , P ) to the interior of 
N(p) x [0, 1]. We note that U( s ,p)|jv(p)x[o,i] IS well-defined up to homotopy relative to the boundary. 
We now define gr(J(s)a(p)) to be the homotopy class of f( s ,p> which is an element of G(s, t). 

It will be useful later to have a more concrete description of gr(J(s)a(p)). To do so, we view a 
vector field on F x [0, 1] as a smooth one-parameter family of nonvanishing sections F — > TF x K, 
indexed by t G [0, 1]. We will, in fact, define a family of such sections {v t p ^}te[o,i]- This family 
can be explicitly defined by a composition of three bifurcations and necessary isotopies, which we 
now describe. 
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Consider the following model situation: Let 2° be a singular vector field on the unit disk DcR 2 
with two saddle points p, q as depicted in Figure 4(a). Then there exists a 1 -parameter family of 
vector fields H*, for < t < 1, such that 

• each H* has only two saddle points which are p and q, and H* is constant near <9-D as t goes 
from to 1, 

• for exactly one t, say t— 1/2, the vector field H* has a saddle-saddle connection from q to 
P- 

See Figure 4 for a pictorial illustration of S*. We call the one-parameter family {H*} te [ x], a 
bifurcation. Notice that in the situation of Figure 4, we decided to fix the unstable trajectories 
of p and the stable trajectories of q throughout the homotopy, however, we could instead fix the 
stable trajectories of p and the unstable trajectories of q throughout the homotopy to define another 
similar one-parameter family of vector fields with the same boundary condition, which we also 
call a bifurcation. 




(a) (b) (c) 

Figure 4. A bifurcation. 

We can now define vt ^ to be constant and equal to v s in the complement of N(p) x [0, 1]. In 
N(p) x [0, 1], we define vL ^ via a composition of bifurcations and isotopies, as shown in Figure 5. 

The family {vL \} gives rise to a vector field on F x [0, 1], which we still denote {vL p ->}. As 
before, the embedding N(p) C IR 2 , as in Figure 3, induces a trivialization of T(N(p) x [0, 1]). We 
observe that, in N(p) x [0, 1], the framed arc ({vL p )}) _1 (0, 0, 1) is isotopic, and hence cobordant, 
to the arc 7. Moreover their framings coincide under the isotopy. Therefore, by the Pontryagin- 
Thom construction, this {vt p \} is a representative of homotopy class gr(/(s)a(p)). 

Step 2. Now assume that p still consists of only one Reeb orbit p, but M(p~) = M(p + ). 

Let p = M(p~) = M(p + ) and let p' be the union of p and the flow lines connecting p to p~ Up + . 
We construct a one-parameter family {0*} te [ O .i] of vector fields on F as follows. Set 6° = v s and 
0* = 6°, for t E [0, 1], outside N(p'). Fix a small e > 0. For t E [0, e], define 0* in N(p') to be 
the homotopy which creates an extra pair of singular points near p decorated with negative signs, 
along the unstable trajectories of p as depicted in Figure 6. More precisely, under the projection to 
TF, we create a pair of canceling critical points /1 of index one and v of index two, lying on the 
flow line of V/ connecting p to p + . Consider the (broken) arc p from p to v, which is the union 
of the trajectory from ptop~,p and the trajectory from v to p + . Now we can repeat the method 
from Step 1 for Q £ \n(p) an d obtain a homotopy Q t \N(p) for t E [e, 1 — e], which exchanges the 
signs of the index one critical points. We define 0* in N(p') \ N(p) to be constant and equal to e . 
For t E [1 — e, 1], let 0* \n(P) be the homotopy which cancels the extra pair of "negative" singular 
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Figure 5 . A sequence of three bifurcations which defines the grading of p. Arrows 
are omitted for simplicity of the picture (cf. Figure 3). 



points. The family {©*} te [ ,i] gives rise to a vector field, which is again denoted by f( S)P ). Finally 
gr(/(s)a(p)) is defined to be the homotopy class of U( S) p). 




Figure 6. Creating a canceling pair of critical points with negative sign. 
Step 3. The general case. 

Suppose p = {pi, ■ ■ ■ ,pi}. Note that the choice of a basepoint z and an orientation on Z induce 
an ordering on a: if we start from z and follow the positive orientation on Z, then a, < aj if and 
only if we meet aj before aj, where a i5 aj £ a. We define a ordering on p by setting p { < pj 
whenever p\ > p+ in a. Up to re-ordering, we may assume that p 1 < p 2 < ■ ■ ■ < p\. We want 
to define a relative homotopy class gr(/(s)a(p)) £ G(v s , v t ), where t = M(p + ) U (s \ M(p - )). 
First, for every point in (M(p~) D M(p + )) \ (p _ R p + ), we create a pair of canceling "negative" 
singular points, as follows. If p = M(pf) = M(pj), then we create a pair of "negative" singular 
points on the flow line connecting p to pf, as in Step 2. This construction gives rise to a vector 
field v £ in F x [0, 1] similar to {@|t}te[o,e] from Step 2. We also consider the vector field V- e , 
which corresponds to canceling the "negative" singular points added to v t - Now consider the arcs 
pi associated to pi as before, namely, pi is the union of pi with the gradient trajectories connecting 
index one critical points to p±Upf . Note that pi always connects a "positive" saddle to a "negative" 
saddle. Now we can define vh s to be the homotopy class of the vector field supported on N(pi) 
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defined in Step 1 . We repeat the same procedure for p 2 , . . . , pi, such that for every i > 2, the vector 
field 

v (s,p) corres P on ding to pi is supported in N(pi). In particular, 

t; (s~i)l^x{l} = *>( 8 , p )|fx{0}- 

Let V( SiP ) be the concatenation 

(2.3.1) v M := v e ■ v\ BiP) . . . v\ Sjfj) ■ v- e . 

Finally, we define gr(/(s)a(p)) to be the relative homotopy class of vr s p \, which is an element of 
G(s,t). 

2.4. The properties of the grading on A(Z). We now show that the grading we constructed in 
the previous subsection satisfies the desired properties. 

Proposition 2.4. The grading function gr : A(Z) —> Q{Z) constructed above defines a grading 
on the dg algebra A(Z), i.e., it satisfies the following: 

• For any two sets ofReeb chords p, er, if I (s)a(p) I (t)a(cr) ^ 0, then 

gr(/(s)a(p)) • gr(I(t)a(<r)) = gr(/(s)a(p) J(t)a(<r)), 

• For any p, ifd(I(s)a(p)) ^ 0, then 

gr(9(/(s)a(p))) = A- 1 -gr(J(s)a(p)). 

Proof. For each index one critical point pi G [2k], we denote by hi the core of the corresponding 
1 -handle and by Uj the Reeb chord connecting the two points in hi n Z. We also denote by N(z) 
and N(pi) small neighborhoods of z and pi. Let 91 be a small neighborhood of 

2fe 

(z\iy(,))uU(/ il \A r fe)). 

1=1 

We can choose an orientation-preserving embedding 9T M 2 such that Z fl 0T is parallel to the 
horizontal vector and its orientation is positive with respect to d x , and such that hiD^Jl is parallel 
to the vertical vector d y , see Figure 7(a). Let OT := 9TU[J i N(pi). So we can extend the embedding 
from above to an immersion 0T °r* R 2 such that hi fl N(pi) maps to a half-circle, see Figure 7(b). 
This immersion induces a trivialization of TF\^. We obtain a trivialization of (TF © R) which 
induces a [0, l]-invariant trivialization r of T(F x [0, 1]) over 0T. 



(a) 




Figure 7 

Fix a generator I(s)a(p) E A(Z). We write p = {pi, . . . , p{\ and we order the Reeb chords as 
in Step 3 above. We now define a one-manifold Q( S , P ) in 9T x [0, 1]. Let 7, C *H be a smoothing 
of the union 4 of pi with the gradient flow trajectories connecting M(p~) U M(pf) to p~ U p+. We 

4 If M(pf) 7^ M{p~) for every j or p+ = pj for some j, then this union is just pi. Otherwise, we need to add a 
small segment connecting M (pf) to the "negative" index one critical point corresponding to p\ . 
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can perturb the arcs 7$ on F such that the interior of every two of these arcs intersect, at most, at 
one point. This happens precisely for an interleaved pair of Reeb chords. We define arcs 7$ on 
F x [0, 1] by ji(t) = (j(t),t). Now if ji(t) = jj(t) for some t E (0, 1), for % < j, we perturb 7$ 
near t so that ji(t) < 7j(£). Hence the arcs 7, are all pairwise disjoint. So we can define Q( S , P ) 
to be the union of 7$ for all i and the constant arcs p x [0, 1], where p E s \ M (p~). We observe 
that the Qi s , P ) H 91 can be represented by the strand diagram corresponding to p. Here if pi and pj 
intersect and i < j, then pi goes under pj. See Figure 8 for examples of Q( S , P ) H 91. 




(a) (b) (c) 

Figure 8. (a) An abutting pair, (b) A nested pair, (c) An interleaved pair. 



We shall use the Pontryagin-Thom construction to prove both assertions of the proposition. For 
the first one, let I(s)a(p) and /(t)a(er) be generators of A(F) whose product is nonzero. Recall 
that the join p l±l cr is obtained from the union p U cr where for every abutting pair (p, cr) with p E p 
and a E cr is substituted by p t±J a. It follows that if J(s)a(p)/(t)a(cr) 7^ 0, then 

(2.4.1) I(s)a(p)I(t)a(a) = I(s)a(p)a(<r) = /(s)a(p tt) cr). 

Let i>( s p ), Uft.o-) and vu^a) be the vector fields as in the construction of the grading, whose 
homotopy classes are gr(/(s)a(p)), gr(/(t)a(cr)) and gr(J(s)a(p tfcl a), respectively. We want to 
show that the product U( S) p) ■ ^(t,<r) is homotopic to U( s , p i±io-) • We clearly only need to look at the 
restriction of these vector fields to x [0, 1]. Using the trivialization r we can see the restriction 
of each of these vector fields as maps OX — > S 2 . Up to a small perturbation of the vector fields, we 
can assume that n = (0, 0, 1) E S 2 is a regular value of all of these three maps. Then, 

u (i)( n ) - Q(*,Ph 

v (i*)( n ) -Q(t,<r), 

Here the symbol ~ denotes relative framed cobordism. The framing on each of these one-manifolds 
is trivial in 0T x [0, 1] and has a standard form near every p^ 5 . We now want to concatenate Qr a , p ) 
and Q(t,*)- 

Write p = {pi, . . . , pi} and cr = . . . , a m } with the ordering given as in Step 3 of the 
construction of the grading. Observe that Q( S , P ) is isotopic to the concatenation of one-manifolds 
Qi,i ■ ■ ■ ■ ■ Qi,i in F x [0, /] where each consists of the union of the arc corresponding to pi and 
constant arcs. Note that the one-manifolds all have the same number of arcs. Similarly, we 
can write Q(t,a) as a concatenation of one-manifolds Q2,i • ■ ■ • Q2,m in F x [0, m] corresponding 
to <7i, . . . ,a m . So 

Q(s,p) ' Q(a,tr) — Ql,l " • • • " Ql,l ■ Q2A ■ ■ ■ ■ ■ Q2,m- 

Here • denotes concatenation and = denotes isotopy relative to the boundary, where we identify 
F x [0, 1] = (F x [0, /]) • (F x [0, m\). Now we want to reorder this concatenation in order to 

5 The standard framing is a rotation by it in N(j>i) either positively or negatively depending on whether pi = M(p~) 
or pi = M(p + ) for the corresponding Reeb chord p, but it does not depend on anything else. 
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obtain the decomposition of Q(s, P m<r) defined as above. We will move Q2,i, • • • , Q2,m to the left 
one by one, as necessary, which we explain in what follows. We start with Q2,i- First note that if 
PiC\Oj = 0, thenC}i,rC}2j = Q2,j'Qi,%- So we can move Q 2 ,i to the left of Q 1:i , whenever pf < erf. 
If there exists pi such that pi and o\ abut then we stop at Q x i ■ Q2.1, since this concatenation is 
isotopic to the one-manifold corresponding to p,i t±J &\ in the decomposition of Q( s ,pi±>a-) ■ If that is the 
case, we can move Qi yi ■ Q 2y \ to the left of all the terms Qi ^ for which p\, < a±. In fact, let Qi :i > 
be such a term, i.e. pf < p\, < a 1 . Then {p { t±J a-y, Pi<} has to be nested, otherwise a(p)a(er) = 0. 
So Qi ti > ■ (Qi t i ■ Q2,i) — (Qi,% • Q2,i) ■ Qi,i'- Now assume that there does not exist pi such that p, L and 
Ox abut. Let pi be such that p { n a ^ 0. Then {pj, ai} has to be nested, otherwise a(p)a(cr) = 0. 
Therefore Qi^ • Q 2 ,i — <?2,i • <2i,i- We now proceed analogously with Q 2 ,2, ■ ■ ■ , <52,m- After all 
these isotopies, we obtain the decomposition of Q( S:P iscr) by one-manifolds corresponding to the 
Reeb chords in p l±l cr. Therefore we conclude that 

Ql,l • • • • • QlJ ■ Q2,l ■ ■ ■ ■ ■ Q2,m — Q(s,piHcr)- 

Note that the framing on the one-manifold corresponding to an abutting pair {pi, <7j} is the same 
as the framing on Q\ ti ■ Q2j- Therefore, since the framings on all of these manifolds are standard, 
it follows that all these isotopies give rise to framed cobordisms. Therefore 

gr(/(s)a(p))gr(/(t)a(tr)) = gr(/(s)a(p W cr)). 

The first assertion follows from (2.4.1). 

Now let /(s)a(p) be a generator of A(F) and let v^ P ) and Q(s, P ) be as above. Recall that the 
differential of /(s)a(p) is given by resolving one crossing of /(s)a(p) at a time. We denote by pj 
the sets of Reeb chords, such that d(I(s)a(p)) = J2j H s ) a (Pj)> an ^ l et v (s, Pj ) an d Q(s, Pj ) b e as 
above. So, resolving a crossing of the projection of Q( S , P ) onto F is equivalent to doing a 0-surgery 
on Q(s,p), leading to a one-manifold, which is isotopic to Q( s , Pj ) for some j. We observe that the 
framing on the result of the 0-surgery is one unit less 6 than the framing on Q< a , P )- Therefore 

gr(/(s)a( Pj )) = A" 1 gr(/(s)a(p)). 

Hence the differential decreases the grading by 1 . □ 

2.5. Comparison with the grading by a non-commutative group. We now compare our topo- 
logical grading constructed in §2.3 with the gradings on A(Z) defined in [2]. 

We first recall the definition of the non-commutative groups in which the gradings defined in [2] 
takes values. The group G'(Ak) is a Z-central extension of H 1 (Z \ z, a). In order to give a 
more concrete definition of G'(Ak), we need to recall a few definitions from [2]. For a Reeb 
chord a in Z \ z and p G Z \ z, let m{jp, a) be the average multiplicity with which a covers p, 
i.e. m(p,a) = 1/2 for a boundary point, m(p, a) = 1 for an interior point and m(p,a) = 0, 
otherwise. One can extend m bilinearly to a function m : H\(Z \ z, a) x # (a) |Z. For 
cci, a>2 G Hi{Z \ z, a), one can define L(ot\, a 2 ) = m{da\, a 2 ), where d : H 1 (Z \ z, a) — >■ H (sl) 
is the boundary map. Also, for a G Hi(Z\z, a), let e{a) G (|Z/Z) be \ times the number of parity 



Note that, using our sign conversions, the writhe of Q( S , P ) is one unit more than the writhe of Q( s . Pj ) with respect 
to the canonical projection to F. 
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changes in amod 1 . One can now define G'(Ak) = {(j,«) G ^ZxH 1 (Z\z, a)|e(a) —j (modi)}. 
The multiplication is defined by 

(h, "1) ■ (j'2, a 2 ) = (ji + 32 + L(ai, a 2 ), ai + a 2 ). 

It follows from [2, Prop. 3.37] that this operation defines a multiplication in G'(Ak). For an element 
g = (j, a) G G'(Ak), the number j G |Z is called the Maslov component of g and a is called the 
Spin component of g. 

Given an element a G A(Ak), it determines a class [a] G Hi(Z \ z, a). We denote by inv(a) 
the number of inversions of a. Write a = (S, T, 0). Let t(a) = inv(a) — m(S, [a]). Then one can 
define 

gr'(a) = 0(a), [a]). 

It follows from [2, Prop. 3.39] that gr'(a) G G"(4/c). Moreover gr' is invariant under adding 
horizontal strands. Let p = {p 1 , . . . , p n } be a set of Reeb chords and s C [0, 2k] be such that 
/(s)a(p) 7^ 0. We can see p as an element of A(Ak) with no horizontal strands. So gr'(/(s)a(p)) = 
gr'(p). Let \p\ denote the number of elements of p, and let |ab(p)| and |int(p)| denote the number 
of abutting and interleaved pairs in p, respectively. Then a calculation shows that 

(2.5.1) t(p) = -M-^-| illt(p )|. 

By making some non-canonical choices, one can also define a refined grading taking values on 
a subgroup of G'(Ak), see [2, §3.3.2]. That is necessary for the gluing theorems to behave well 
with respect to grading. Alternatively, as suggested in [2, Rem. 10.44], one could consider a more 
canonical subset of G'(Ak), as follows. Let M* : H (a) — > H ([2k]) denote the pushforward 
of the map M : a — > [2k]. Define G'(Z) to be the set of elements (j,a) in G'(Ak) such that 
M^da) = t — s, for t, s C [2k], with |t| = |s|. We observe that G'(Z) is a groupoid and 
that gr'(a) G G'(Z) for every homogeneous element a G A[Z). We now have the following 
proposition. 

Proposition 2.5. There exists a homomorphism J 7 : G{Z) — > G\Z) such that T {gr (a)) = gr'(a) 
for every homogeneous element a G A(Z). 

Proof. Let 9t and OX be as in the proof of Proposition 2.4. Let r be the trivialization of T(Fx [0, 1]) 
in OX x [0, 1] constructed in that proof. We extend this trivialization to a trivialization of T (Fx [0, 1]) 
arbitrarily. 

For each s C [2k], we now see v s as a map F — >■ S 2 . We can slightly perturb the vector fields v s 
so that (0, 0, 1) is a regular value of these maps. Observe that v s " 1 (0, 0, 1) = s U P, where P is a 
set of points in the complement of 0T and does not depend on s. 

Now let [v] G G[Z). Then [v] G G(s, t), for some s, t C [2k], such that |s| = |t|. We see the 
vector field v as a map F x [0, 1] — > S 2 . We can slightly homotope v in F x (0, 1) so that (0, 0, 1) is 
a regular value of v. Now consider L v := v~ x (0, 0, 1). Observe that L v f](Fx {0}) = (sx {0})UP 
and L v n (F x {1}) = (t x {1}) U P. Since Hi(F) is generated by hi U o { C Ot x [0, 1] for % = 
1, . . . , 2k, it follows that L v is framed homotopic to L v U (P x [0, 1] ) relative to the boundary, where 
L v is a framed 1-manifold cointained in 0T x [0, 1] and the framing on P x [0, 1] is trivial. By the 
Pontryagin-Thom construction, we can homotope v and obtain v' such that L v > = L V U(P x [0, 1]). 
So we can assume, without loss of generality, that L v = L v U (P x [0, 1]), where L v C Ot x [0, 1] 
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and the framing onPx [0, 1] is trivial. Now, observe that 01 deformation retracts toOTD(ZU|J i hi). 
Projecting L v D (9T x [0, 1]) to F and using the deformation retraction from above, we obtain an 
element in H\{Z \ z, a). We define ^ r sp (H) to be this relative homology class in Hi(Z \ z, a). 
Note that M*(dF sp ([v})) = t - s. 

In order to define the Maslov component .F m ([?;]), we compute the framing on L v . Up to ho- 
motoping v, we can assume that, everytime L v intersects N(pi) x {t} for some t E (0, 1), the 
vector field v has the standard form in N(pi) x [0, 1], given by V{ Pi }\n( Pi ). In order to see the 
framing on L v , we let K v = v~ 1 (5, 0, a/1 — S 2 ), for a small 5 > 0, such that (5, 0, a/1 — 5 2 ) is a 
regular value of t>. We define J r m ([t']) to be one half times the algebraic count of intersections of 
the projections of L v R 9T and K v fl to OT, where the signs are as in Figure 9(a). We observe that 
£(F sp ([v})) = F m ([v]) (mod 1). So we can define 

F([v]) = (F m ([v]),F sp ([v]))eG'(Ak). 




(a) (b) (c) 

Figure 9 

To prove that J 7 is a homomorphism, we need to show that F([v] ■ [w]) — F([v]) ■ F([w]). We 
first observe that the Spin c component of JF(]v\ ■ [w]) is ^"splfw]) + J r sp ([w]). Moreover, the count of 
intersections of the composition, which gives the Maslov component of ^([v] ■ [w]), is the sum of 
the intersections of each piece plus the intersections between the pieces. We observe that one half 
times the number of intersections between the two pieces equals L(F sp ([v]), F sp ([w])). Therefore 
•7~m(M ■ M) i s me Maslov component of ^([f]) ■ .F([«;]). We also observe that ^([i;]^ 1 ) = 
Fdv})^ 1 , since taking the inverse of a vector field v is equivalent to switching the signs of the 
intersections of the projection of L v to F. 

It remains to show that for a generator /(s)a(p) of A(Z), we have J r (gr(/(s)a(p))) = gr'(p). 
We first order pi, . . . , p n as in Step 3 of §2.3. Let v be the vector field constructed in §2.3 whose 
relative homotopy class is gr(/(s)a(p)). Let L v and K v be as above. The 1-manifold L v fl (9T x 
[0, 1]) is the union of arcs one for each Reeb chord p^. Up to a relative isotopy of L v , we can 
assume that the projection of L v fl (OT x [0, 1]) has minimal number of intersections, i.e. there is 
no relative isotopy of L v that decreases the number of intersections. It follows from the ordering 
of the Reeb chords that if the projections of % and 7j intersect for i < j, then the pair {p i; pj} is 
interleaved and this is a negative intersection. Now we note that the arc K v fl (OT x [0,1]) does not 
rotate around % since the framing of L v is trivial in 91 x [0, 1] with respect to the trivialization. 
That implies the projection to OT has one negative intersection corresponding to each p~i as in 
Figure 9(b). So for each Reeb chord p^, we get a contribution of —1/2 to the Maslov component 
of J r (gr(/(s)a(p))). Moreover, each interleaved pair gives rise to two negative intersections of 
the projections of L v and K v . So each interleaved pair contributes to the Maslov component of 
J r (gr(/(s)a(p))) by —1. Finally if pi and pj abut, then we get an extra negative intersection, see 
Figure 9(c). So an abutting pair contributes by —1/2 to the Maslov component of J-"(gr(J(s)a(p))). 
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Therefore, using (2.5.1), we conclude that 

7- m (gr(J(s)o(p))) = i{p). 
Hence T{gr(I(s)a(p))) = gr'(p). □ 

3. Grading on the modules 

Let Y be an oriented connected compact 3-manifold with connected boundary. Following [2], 
we consider the bordered Heegaard diagram 

H = (E, , a c g _ k , , «2fc> A, • • • , /5 S , z) 

which is compatible with Y in the sense that the following conditions are satisfied: 

• E is a compact oriented surface with a single boundary component. 

• (E Ua D 2 , a c , (3) is a Heegaard diagram for Y. 

• a", • • • , ctgfc are pairwise disjoint, embedded arcs in E with boundary on <9E, and are dis- 
joint from the af. 

• E \ (aj U • • • U a c g _ k U a? U • • • U a% k ) is a disk with 2(5- - fc) holes. 

• 2 is a point in <9E, disjoint from all of the a\. 

We will abbreviate a c = a\\J- ■ -Ua c g _ k ,(x a = ajU- • -Uc^, a = a c Ua a , and /3 = ■ -U/3 9 . 

In this section, we explain how to define the grading on the modules CFA(H) and CDF(T-L). 
We start by defining the grading sets S{T-L) and S(H). 

3.1. The grading set. Let F = 8Y . We recall from [2] that H gives rise to a pointed matched 
circle Z = (Z, a, M, z), where Z = 9E, a = ct c n Z and M maps both points in a\ fl Z to i G [2fc] 
for every i. For s e [2/c], we denote by Vect(Y, v s ) the set of homotopy classes of nonvanishing 
vector fields in Y whose restriction to F is v s . Since F is connected, Vect(Y, v s ) is nonempty if 
and only if |s| = k. Let 

S(H)= ]]_Vect(Y,v s ). 

\s\=k 

We observe that the groupoid G(Z) acts on S(Ji) on the right by concatenation. More precisely, 
given vector fields v and w such that [v] £ Vect(Y, v s ) and [w] G G(s, t), define [v] ■ [w] as follows. 
Identify a collar neighborhood N(F) of F in F with F x [0, 1] and take a representative {; of 
[v] which is [0, l]-invariant in N(F) = F x [0, 1]. Now define [u] • [w] G Vect(F,w t ) to be the 
relative homotopy class of the vector field which equals v in the complement of N(F) and w in 
N(F) = F x [0, 1]. Note that we also have a Z-action on S(T-L) just as before, which we again 
denote multiplicatively by A™ on the left. We also observe that this action need not be free. In fact, 
let [v] G S(H) and denote by v 1 - the orthogonal complement of v, seen as a complex line bundle. 
Then X d ■ [v] = [v] for every d = (c^f -1 ), A), for some A G H 2 (Y). 

Now we denote by — Z the pointed matched circle obtained by switching the orientation of 
Z, i.e. — Z = (-Z, a, M, z). We observe that the groupoid G(—Z) acts on S(H) on the left, as 
follows. Given a vector field w in (-F) x [0, 1], we define w to be the vector field in F x [0, 1] given 
by w(x, t) = w(x, 1 — t). So, given a vector field v in Y, if v and w coincide along F = F x {1}, 
we can glue them along F = F x {1} and obtain a new vector field in Y, which we denote by 
w ■ v. So, given [w] G G(s, t) c G(—Z) and [v] G Vect(Y, f s ), we can define [v] ■ [w] to be [v ■ w]. 
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The homotopy classes [v], [w] G Vect(F, v s ) are said to be in the same relative Spin c structure if 
v is homotopic to w on the 2-skeleton relative to the boundary. We observe that there exists n G Z 
such that [v] = \ n ■ [w] if, and only if, [v], [w] G Vect(F, v s ) and v an w are in the same relative 
Spin c structure. 

3.2. Homotopy classes of vector fields. The goal of this section is provide a new way to compute 
the difference between homotopy classes of nonvanishing vector fields, based on Pontryagin-Thom 
construction. The construction here is inspired and very similar to the work of Dufraine [6]. Let F 
be a closed oriented 3-manifold. Suppose £, 7] are nonvanishing vector fields on F. By a C°°-small 
perturbation, we can assume that the set 

L = L i;V = { y g y | C(y) = -v(y)} 

is a link in Y. In the case that [L] = E H\{Y\ Z), there exists an embedded compact surface £ C 
Y with <9£ = L. Choosing a Riemannian metric on Y, we consider the orthogonal complement 
r] 1 - of T), which is a co-oriented plane field on Y. Since £ deformation retracts onto a wedge of 
circles, we can choose a trivialization r : t^Ie — > £ x IR 2 . This in turn gives a trivialization 
f : TF| S — > £ x M 3 by setting f *(d z ) to be equal to 77, where (x, y, z) are the coordinates in IR 3 . 
Let iV(£) denote a small tubular neighborhood of £ in F. Then r gives rise to a trivialization 
TY\ m) = N(Z) x R 3 . 

Using the above trivialization, we can see £|at(e) as a ma P : N(E) — > S 2 C M 3 . It is clear 
from construction that L^ v = ^~ 1 (0, 0, —1) = <9£. Taking the pre-image of a regular value close 
to (0, 0, —1) in S 2 , we get a framing on L^ v . We represent this framing by a number ng jJ? , given 
by the difference from the Seifert framing. The following proposition gives a way to compute the 
difference between homotopy classes of nonzero vector fields. The result was essentially known 
by Dufraine [6] but we write down a proof here for the readers' convenience. 

Proposition 3.1. Given £, 77 nonvanishing vector fields on Y, £ is homotopic to rj if and only ifL^ >v 
is null-homologous and the framing n^ sV = 0. 

Proof. Suppose there exists a 1 -parameter family of nonvanishing vector fields {£t}te[o,i]> on ^ 
such that £ = £1 = V- We choose a Riemannian metric on Y such that £ 4 is of unit length. 
Therefore we define a section S : 7 x [0,1] -> STY x [0, 1] by E(y,t) = (&(y),t) for all 
y G y,7j G [0,1], where STF denotes the unit tangent bundle. We can also define a section 
I : Y X [0, 1] -> STF x [0, 1] by %, t) = (-^(z), <)■ 

We observe that L^ v = {(y,0) G Fx [0,1] \S(y,Q) = l(y, 0)} and {(y, 1) G Fx [0,1] | S(y, 1) = 
1)} = 0. By the standard transversality argument, we can assume that 

{(y,t)EYx [0,1] \Z(y,t) =%*)} 

is an embedded surface in F x [0, 1]. Therefore [Lf )77 ] = G i?i(F; Z). 

Now everything follows from the usual Pontryagin-Thom construction. Namely, let S C F be 
a compact surface such that <9£ = L^ )r? , and consider a neighborhood iV(£) of £ in F. Observe 
that £ is homotopic to 7] on the complement of iV(£) by a linear homotopy, so we can assume that 
£ = rj on F \ iV(£). Since, again, iV(£) deformation retracts onto a wedge of circles, we can 
trivialize 77" L |at(e) and therefore obtain a trivialization of TF|jv(e) by writing TF = 77 © r?- 1 . The 
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vector field £, under this trivialization, sends L^ v to (0, 0,-1) G S 2 as before. The Pontryagin- 
Thom construction asserts that £ is homotopic to 77 if and only if L^ v is framed cobordant to the 
empty set. □ 

We obtain the following corollary. 

Corollary 3.2. Let £,77 be nonvanishing vector fields on Y. Then £ and 77 are in the same Spin c 
structure if, and only if, [Lg >7) ] = 0. And if that is the case, then [£] = A n «> ,f • [rj\. 

Proof. If £ and 77 are in the same Spin c structure, then there exists m G Z such that [£] = \ m ■ [77]. 
Let 77 be a nonvanishing vector field in Y given by modifying 7/ in a very small ball, corresponding 
to the action of A m G 7r 3 (S' 2 ). By definition, [77] = A m • [77]. So £ and 77 are homotopic. By 
Proposition 3.1, [L^ v ] = [L^fj] = 0. 

Conversely if [L^ iV \ = 0, then, as explained above, we obtain a framing on L^ )V . Now we 
act on 77 by A n « ? ' G ^(S* 2 ), obtaining a vector field 77. We observe that L^ r) is still nullhomologous 
and that = 0. By Proposition 3.1, we conclude that [£] = [77]. So [£] = A™*^ • [77]. In particular, 
£ and 77 are in the same Spin c structure. Note that we also proved the second assertion. □ 

Remark 3.3. The point of our approach is that in order to compute the difference between £ and 77, 
it suffices to trivialize TY along a Seifert surface, which is much easier in practice. 

3.3. Grading on CFA(H). We start by recalling the definition of the A°°-module CFA(H) 
from [2]. Let (5(H) be the set of g-tuples x = {x\, ■ ■ ■ , x 9 } C at fl (3 such that there is exactly 
one point xi on each /3-circle and on each a-circle and there is at most one Xi on each a-arc. Then 

CFA(H) is generated as a vector space over Z/2 by (5(H). We also recall that given x G (5(H), 
there is an idempotent Ia(x) := J(o(x)), where o(x) C [2&] is the set of a-arcs containing X{ for 

some i. We have a right action of the ring of idempotents X := T(Z) on CFA(H) given by 

x-iYs) = I X ' if/ ^( x ) = J (s), 
^ ' ^ 0, otherwise. 

Let ^4 := A(Z). As explained in [2, Ch. 7], the v4°°-structure on CFA(H) is given by maps 

m* +1 : CFA(H) ® x A® x ---®iA^ CFA(H). 
Now we want to define a grading function 

gr: (5(H) 5(H), 

compatible with the maps More precisely, let x G 0(H) and let a(px), . . . , a(pj) be gener- 

ators of A. If x ® x a(pi) <8>x • ■ ■ Ox a(pz) 7^ then we can write 

x ® z a(pi) 0x ■ • • ®z fl(Pi) = x ®j /(si)a(pi) ® x • ■ ■ ® x 7(s I )a(p J ), 

for some Si, . . . , Sj C [0, 2fc]. Note, in particular, that /(si) = /a( x )- If y is a summand in 
m m (x, a(pi), . . . , a(pi)), we want gr to satisfy 

gr(y) = A'" 1 • gr(x) ■ gr(/(s 1 )a(p 1 )) . . . gr(I(s*)a(p*))- 
Recall the following definition from [2] . 
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Definition 3.4. Given a compact 3-manifold Y with bordered Heegaard diagram H, we say that a 
pair consisting of a Riemannian metric g onY and a self-indexing Morse function h : Y — > [0, 3] 
is compatible with % if 

• the boundary ofY is geodesic, 

• the gradient vector field Vh\gy is tangent to dY, 

• h has a unique index and a unique index 3 critical point, both of which lie on dY, and 
are the unique index and 2 critical points ofh\gy, respectively, 

• the index 1 critical points ofh\gY are also index 1 critical points ofh, 

• h\g Y , viewed as a Morse function on F = dY, is compatible with the pointed matched 
circle Z. 

Fix a compatible Morse function h : Y — > [0, 3], and consider the gradient vector field Vh on 
Y. For any x £ <£>(%), the pair (x, z) determines g + 1 gradient trajectories {70, • • • , 7 5 }, where 
70 connects the index and index 3 critical points passing through z, and 7$ connects the index 1 
and index 2 critical points passing through a?j. We define gr(x) G S(T-L) by modifying Vh near 
tubular neighborhoods of the trajectories 7^. 

Let N("f ) be a small neighborhood of 70 in Y. Let D = {(x,y) G IR 2 |x 2 + y 2 < l,x > 
0}. Then iV(7o) is diffeomorphic to D x [0,7r]/ ~, where the equivalence relation is given by 
((0, y),t) ~ ((0,y),t') for every t,t', and where (D x {0}) U (D x {vr})/ ~ is identified with 
iV(7o) n dY, see Figure 10(a). Using the above identification, the vector field Vh restricted to 
D x {£} is depicted in Figure 11(a). For each t G [0, n], we modify Vh in D x {t} as shown in 
Figure 11(d). Since these modifications coincide on D R {y = 0}, we get a nonvanishing vector 
field on D x [0, it]/ ~. This is the restriction to the half-ball of the analogous modification, used 
to define the grading on Heegaard Floer homology [1]. For a formula describing this modification, 
see [1, §2]. 

We order the flow lines 71, . . . , j g so that the index one critical points corresponding to 71, . . . , 7* 
lie on dY. For each i = 1, . . . , k, let N^i) be a small neighborhood of 7, in Y. Let B be the 
intersection of the unit ball in IR 3 with {z > —1/2}. Then N^ji) is diffeomorphic to B, see Fig- 
ure 10(b). Let D = {(x,y) G M 2 |x 2 + y 2 < l,y > —1/2}. Each vertical cross-section of B 
can be identified with D. The vector field V/i restricted to iV(7j) can be viewed as an interpola- 
tion between Vh restricted to two transverse vertical cross-sections, corresponding to the unstable 
manifold of the index one critical point and the stable manifold of the index two critical point. 
Figure ll(b,c) shows the restriction of V/i to these two cross-sections. We modify V/i on these 
cross-sections as in Figure ll(e,f). Again, this is very similar to the corresponding construction 
on Heegaard Floer homology. Namely, this is the restriction to {z > —1/2} of the vector field 
defined in [1]. The reader can find a formula describing this modification in [1, §2]. For each 
i = k + 1, . . . , g, the corresponding index one critical point lies in the interior of Y . So do the 
same modification as in [1, §2]. 

We still have to eliminate the boundary index one critical points which do not belong to any 
7j. We do so by slightly perturbing Vh in a neighborhood of each of these points so that it points 
to the interior of Y. Alternatively, we observe that Y is diffeomorphic to the complement of the 
union of small neighborhoods of each of these points. So Vh restricted to a tubular neighborhood 
of the boundary of this complement gives the desired modification of Vh, see Figure 10(c). Let u x 
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denote the vector field in Y obtained by modifying Vh as explained above. Then we define gr(x) 
to be the relative homotopy class of v x . We note that gr(x) £ Vect(Y, i> ( x ))- 




(a) (b) (c) 

Figure 10 




(d) (e) (f) 

Figure 1 1 . Modifying Vh to a nonvanishing vector field. 

Following [2], given generators x, y £ <3(%), we consider the relative homology group 

# 2 (£ x [0, 1] x [0, 1], ((S a U Sp U S d ) x [0, 1]) UG x x {0} UG y x {1}), 

where S a = ax {1}, ^ = (3 x {0}, Sa = (<9E \ z) x [0, 1], G x = xx [0, 1] and G y = y x [0, 1]. 
This group is usually denoted by 7r 2 (x, y), following the tradition from [3]. 

A homology class B £ 7r 2 (x, y) can be interpreted as a domain in E. As such, one defines e(B) 
to be the Euler measure of this domain as follows. For each positively covered region in S\ (aU/3), 
we define its Euler measure to equal its Euler characteristic x{B) plus one quarter of the number 
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of concave corners minus the number of convex corners. We can extend this linearly to domains 
in E. One also defines n x (B) to be one quarter of the number of components of E \ (a. U (3) in 
B adjencent to x, counted with multiplicity. One defines n y similarly. For B G 7r 2 (x, y), one 
defines d 9 B to be the piece of the boundary of B contained in <9E. We think of d d B as a class 
in Hi(Z \ {z}, a). Let ~$ = (p 1 , . . . , pi) be an /-tuple of sets of Reeb chords. Recall that a(~jt) 
is defined to be the product a{~ft) = a(pi) . . . a{pi) and i(~jt) to be the Maslov component of 
gr'(a("^)). One can also define [p] = [pi] + ■ ■ ■ + [pi\ G H\(Z\ z, a). Now recall the definition 
of ind(B,~ft) for B G 7r(x, y) and satisfying d 9 B = [~p]. 

ind(£, -$) = e(B) + n x {B) + n y (B) + i{~ft) + /. 

Given x, y G such that 7r 2 (x, y) is nonempty 7 , we now compare gr(x) and gr(y). The 

main result of this section is the following proposition. 

Proposition 3.5. Let x, y G <5(H), B G vr 2 (x, y) and ~$ = (pi, . . . , pi) such that d 9 B = [~p]. 
Then 

(3.3.1) gr(x) • gr(J A (x)aC?)) = \**b,1)-i . gr ( y ). 

Proof. Instead of doing a direct computation, we reduce the problem to the computation of relative 
gradings in Heegaard Floer homology, which has been done in [1]. First it follows from (2.4.1) 
that 

I A (x)a(~jt) = J j4 (x)a(pi tb • ■ ■ W p{). 

Moreover, since t( p ) = u{p-y bb) ■ ■ • tfcl pi), it follows that ind(£?, p) — I = md(B, p\ W • • • W pi) — 1. 
Therefore it suffices to prove (3.3.1) for / = 1. From now on, we shall assume that ~jt = {p}. We 
shall prove that 

(3.3.2) gr(x) ■ gr(/ A (x)a(p)) = x e ^ +n ^ + ^ + ^ ■ gr(y) 

Let (p, a) be an abutting pair in p and let p be the set obtained from p by substituting the pair 
{p, cr} by their join ptblcr. Since J J 4(x)a(p) is a term in the differential of J^(x)a(p), by Proposition 
2.4, gr( J A (x)a(p)) = A^ 1 gr(J A (x)a(p)). Moreover, by (2.5.1), i(p) = t(p)-l. So if (3.3.2) holds 
for (B, p), then it also holds for (B, p). Hence we can assume that p has no abutting pairs. 

Now let {p, cr} be an interleaved pair in p so that p~ < a~ < p + < a + . We substitute the 
pair {p, cr} by the nested pair {[p~,cr + ], [cr~,p + ]} giving rise to a set of Reeb chords, denoted 
once again by p. We observe that, again, lA(x)a(p) is a term in the differential of Ia{x-)cl(p). So 
gr(/ J 4 (x)a(p)) = A _1 gr(/^(x)a(p)). By (2.5.1), t,(p) = i(p) — 1. Therefore we can also assume 
that p has no interleaved pairs. 

Now write p = {pi, . . . , p m } with the ordering as in §2.3. Let E' be a closed surface obtained 
by gluing a compact surface of genus k with boundary — Z to E along the boundary. We construct 
a Heegaard diagram (E', a', f3', z) as follows. For each arc a", we glue an arc on E' \ E to obtain 
a closed circle on E', which we denote by a[. We can always choose the completion of the a-arcs 
such that a' = {a\, . . . , a c g _ k , a[, . . . , a' 2k } is a set of pairwise disjoint curves which are linearly 
independent in iJi(E'). Recall that Z\N(z) C <9E is a line segment containing all Reeb chords. 
Now consider k translates of Z \ N(z) on a collar neighborhood of <9E in E' \ E with an ordering 
by the distance to <9E. For each i = 1, . . . , k, we can define a circle on E' \ E containing the 



7 

This is equivalent to x and y being in the same Spin c structure. 
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i-th translate, such that these circles are pairwise disjoint and linearly independent in homology. 
So we let j3' = {p\, . . . , (3 g , (3[, . . . , (3' k }. Therefore we obtain a Heegaard diagram (£', a.', /3', z), 
which gives rise to a closed three-manifold containing Y, denoted by Y'. 

The domain B E vr 2 (x, y) naturally extends over E', as follows. Each Reeb chord pi can be 
translated to (3[ giving rise to a segment, whose endpoints are on the a-circles corresponding to 
the endpoints of p.;. So each p; gives rise to two intersection points on f5[. We obtain a new 
domain B' on E' by taking the union of B with a domain in E \ E' bounded by the translates 
of pi and the corresponding a-circles, as in Figure 12. For the time being, let us assume that 
M(p~) fl M(p + ) = 0, so that the new intersection points can be added to x and y, respectively, 
giving rise to intersection points x' and y' in T a > fl Tg/. So B' E 7r 2 (x / ,y / ). The case when 
M(p~) fl M(p + ) 7^ is slightly technical and will be postponed to the end of the proof. 
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Figure 12. The left side is a domain on E. The right side is the completion of the 
domain on E'. 



We recall the index formula from [4] 

(3.3.3) ind(fi') = e(B') + n x ,(B') + n y ,{B'). 

We observe that e(B) = e(B'). The points in x' and y' are either the elements of x and y or the 
new convex corners on £' \ E, which are not interior corners, since we assumed that any two Reeb 
orbits are either disjoint or nested. Since there are \p\/2 such corners, we conclude that 

(3.3.4) ind(S') = e(B') + n^(B') + ry(5') = e(B) + n x (B) + n y (B) + \p\/2. 
In [1], we defined an absolute grading function 

gr:T a , nl>^P(r), 

where V(Y') is the set of homotopy classes of nonzero vector fields on Y'. This is such that for 
any B' E 7r 2 (x', y'), which does not intersect the basepoint z, 

gr(x') = A ind ( B ')-gr(y'). 

Let s = J A (x) and t = I A (y)- Note that we can decompose Y as Y' = Y U F (F x [0, 1]) U F Y. 
Following our construction of the gradings, let w x , v y be the vector fields whose relative homotopy 
classes are gr(x) and gr(y), and let f( s ,p) be the vector field defined in §2, such that [u( s , P )] = 
gr(/(s)a(p)). Let I t denote the [0, l]-invariant vector field on F x [0, 1], whose restriction to 
F x {t} equals v t . Then the action of [I t ] on Vect(F, v t ) is trivial. So [v y ■ I t ] = gr(y). We now 
show that v x ■ U( SjP ) and v y ■ I t are in the same Spin c structure and we compute their difference. 

Since f( s ,p) and I t coincide on F x {1}, we can extend v x ■ v/ SiP \ and v y ■ I t to Y' so that they 
coincide in Y. Let X\ and X 2 be the vector fields obtained by this extension from t> x • f ( s ,p) and 
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v y ■ I t , respectively. We apply Proposition 3.1, obtaining a link denoted by £( x , p ), y defined as 



We note that v x >\ y = v x and iy \y = v y . So the restrictions of £( X;P ), y and L x >y to Y coincide. We 
observe that this is the union of the flow lines corresponding to all points in x and y, up to a small 
isotopy in neighborhoods of the critical points. Moreover the domain B gives rise to a surface 5" in 
Y relative to the boundary, bounding L x /y R Y. We note that, up to a small perturbation, S D dY 
is the union of the arcs pi, as defined in §2. 

We will now show that Lr XiP \ y and L x i y are both nullhomologous and isotopic to each other. 
We first look at I-( x , p ), y D (Fx [0, 1]). Observe that L( x , p ), y n (F x {0}) = M(p~) U M(p + ) 
by construction. Using the bifurcation description of vi s , P ) illustrated in Figure 4, we observe that 
^( x ,p), y H (F x [0, 1]) is the union of embedded arcs, each of which is as depicted in Figure 13. 
In fact each tangency of L F and F x {t} happens exactly when t corresponds to the middle of 
the second bifurcation for a Reeb chord. It follows that B' gives rise to a surface S p containing S 



Figure 13. The Pontryagin submanifold Lr x ,p),y The blue arc indicates the framing. 

whose boundary is L( X)P ) )y . An example of S p n (F x [0, 1]) is shown in Figure 13. So [L( x , P ), y ] = 
G Hi (Y U (F x [0,1])). Therefore v x ■ vt a , p ) and v y ■ I t are in the same relative Spin c structure. We 
will now consider the framing on Lr x p ) y ), as in §3.2. It is clear that S p D(Fx [0, 1]) is topologically 
the union of disjoint disks. Let be the oriented 2-plane field on F x [0, 1] which is orthogonal 
to I t . We can choose a trivialization of It\s p such that the vector field d/d x is everywhere tangent 
to S p and points into S p along L( XiP ) iy D (F x [0, 1]). We extend this trivialization to a small 
neighborhood N(S P ) of S p and see U( PjS ) as a map N(S P ) — » S 2 . So, to compute the framing on 
L( x , P ), y fl (F x [0, 1]) = vTp 1 JO, 0, —1), we can look at v^^e, 0, —a/1 — £ 2 ), for small £ > 0. 
For each Reeb chord, which corresponds to an arc in Lr X)P ), y H (F x [0, 1]), we observe that this 
framing is represented by a negative full-twist as depicted in Figure 13. 

Now we observe that L x / jy / D (F x [0, 1]) is the union of the flow lines corresponding to all points 
in x' \ x and y' \ y, up to a small isotopy in neighborhoods of the critical points. Note that we can 
isotope L x iyC](Fx [0, 1]) to I( x ,p), y n(Fx [0, 1]) relative to the endpoints and, after that isotopy, S p 




of the extension of the vector fields to Y . 
We define £ x / iy / to be the link in Y given by 

L x >y = {y e Y'\v x :(y) = -iy(y)}. 
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Figure 14. The Pontry agin submanifold L x ', y ' (in green). 

is a Seifert surface 8 for L^y. We can choose a trivialization of Vy\s p such that in a neighborhood 
of S p , the vector field d x is everywhere tangent to S p and points into S p along L x /y. As before, 
we extend this trivialization to N(S P ). Again, seeing v x > as a map N(S P ) — > S 2 and taking the 
preimage of a regular value near (0, 0, —1), we observe that the framing on L x >y Pi (F x [0, 1]) is 
trivial. 

Therefore the framing on I/( x , P ),y equals the framing on L x ',y' minus the number of Reeb chords. 
Therefore, by (3.3.4) and (2.5.1), ' 

(3.3.5) gr(x) • gr(I A (x)a(p)) = X^'^M ■ gr(y) = A e(B)+n y (B)+n y (S) +l (p) . g ^ y y 

Therefore we proved (3.3.2), when M (p _ ) n M(p + ) = 0. 

Now assume that M(p~) fl M(p + ) 7^ 0. See Figure 15 for an example. In this case we may 
still construct the extended domain B' connecting x' and y' although they are not generators of 
CF(Y'). Nevertheless the "index" of B' is defined using the combinatorial formula (3.3.3). To 
verify (3.3.5) in this case, we will modify the Morse function on Y near the index one critical 
points corresponding to M(p~) fl M(p + ). For simplicity of notations, we assume that p = {p} 
consists of one chord as depicted in left side of Figure 15. The general case is just an iterated 
application of the modification we describe below. 




Figure 15. The completion of a domain where the new x' and y' are not generators. 



Here we are using the fact that p does not contain any abutting or interleaved pair. Otherwise we would not be 
able to use the same Seifert surface for both links. 
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Recall that h is a Morse function on Y such that Vh\g Y is compatible with the parametrization 
of dY = F. Let p be the index one critical point corresponding to M(p~) = M(p + ). We construct 
a new Morse function hi on Y such that hi — h in the complement of a neighborhood of p, 
and near p, Vh' has three critical points: p,p' of index one and q of index two. See Figure 16. 
This construction should be compared with the construction of gr(J(s)a(p)) using Figure 6. More 
precisely, assuming that the trajectories of Vh' connects x to p and y to p' as in Figure 16, we 
define a variant gr'(x) to be equal to gr(x) away from a neighborhood of p where h! ^ h, and in 
this neighborhood the vector field is pointing out of Y near p and pointing into Y near p' and q. We 
also define gr'(y) analogously. It follows from the construction that gr(x) ■ gr(J(s)a(p)) — gr(y) 
is equal to gr'(x) ■ gr(J(s)a(p)) — gr'(y). Here by taking differences we mean taking the power 
of A in (3.3.5). Moreover for the latter difference to be well-defined, we have to skip the steps 
of creating/canceling pairs of critical points when defining gr(J(s)a(p)) in Step 2 of Section 2.3. 
After all, the computation of gr'(x) • gr(/(s)a(p)) — gr'(y), as well as the computation of the 
difference between the absolute gradings gr(x') and gr(y') where x', y' are extended generators as 
before, is identical to the computation we did for the case that M(p~) ^ M(p + ). Hence we have 
proved the proposition. □ 



Theorem 1.3(a) is an immediate corollary of Proposition 3.5. 

3.4. The grading on CFD(%). We start by recalling the definition of the module CDFiW.). For 
x £ &(H), let o(x) = [2k] \ o(x) and define I D (x) = I ([2k] \ o(x)). We have a left action of the 
set of idempotents X on (25 (fi) given by 



The module CDF(H) is generated over Z/2 by the elements of the form a®x, where a £ A(— Z) 
and x £ <S(H), and the tensor is taken over X. Its module structure is given by the obvious left 
A(— Z)-action. 




Figure 16. The modified Morse function hi. 
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We can define the grading gr on a generator a(—p) <S> x of CDF(H) by 

gr(a(-p) <g> x) := gr(a(-p)I D (x)) • gr(x). 

The differential d on CDF(H) is defined in [2] by counting moduli spaces of holomorphic curves 
of the form Ai B (x, y, ~~$), where ~$ = (pi, . . . , p n ) is a sequence of Reeb chords. More precisely 
9(Jd(x) <g)x) is a some of terms of the form a(— ~p*) ® y, where B G 7r 2 (x, y) and ind(S, p ) = 1. 
Here — p denotes (— pi, . . . , — p n ) and a(— p ) denotes the product a(— pi) . . . a(—p n ). 

Proposition 3.6. Lef x, y G (25 5 G 7r 2 (x, y) and p such that d 9 B = [p]. lfa(—p)®y ^ 0, 

gr(a(-7t)/ D (y)) ■ gr(y) = A^^gr(x). 

Proof. The proof is very to similar to that of Proposition 3.5. For the purposes of this calculation, 
we again group all the Reeb chords in = (pi, . . . , pi) into one set p and assume that p contains 
no interleaved or abutting pairs, so ind(5, p ) — I = ind(£>, p) — 1. We again construct a closed 
manifold 

Y' = YUpUF x [0,1] Up?. 
And we extend % to a Heegaard decomposition of F' so that the new /3-curves are translates of the 
Reeb chords. We again get generators x', y' of CF(Y') and a homology class B' G 7r(x', y'). So 

ind(B') = ind(B, p) - 1 + |p| = ind(B, ~f)-l + l = md(B, 

Now the main difference in the calculation is that, when we compare the vector fields 

gr(a(— p)Ir>(y)) ■ gr(y) and I ■ gr(x) in (F x [0, 1]) where I is /-invariant, we obtain an arc with 

trivial framing for each Reeb chord. Therefore 

gr(x) = AW) • gr(a(-?)/ fl (y)) • gr(y). 

That implies our claim. □ 

We have therefore proven Theorem 1.3(b). 

4. The pairing theorems 

Our absolute grading is also compatible with the pairing theorems proved in [2]. More precisely, 
given two bordered Heegaard diagrams "Hi and "H 2 for Y\ and Y 2 , respectively, with &Hi = —dT-L2, 
we obtain a Heegaard diagram H = "Hi Ug H2 for the closed manifold Y := Y 1 Y 2 . Let 
F = dY\ = —dY 2 be the parameterized boundary. 

Recall that the box tensor product ltFvL(Yi) H CFD(Y 2 ) is (S(Hi) ®x{z) <5(%) as a set. 
See [2, Def. 2.26] for the definition of the differential. If xi G ®{%\) and x 2 G such 
that xi <8> x 2 G CFA(Y\) Kl CFD{Y 2 ) is nonzero, then xi and x 2 must lie on complementary 
a-arcs. Therefore the pair (xi, x 2 ) corresponds to a generator of CF{Y). So there is a canonical 
map 

(4.0.1) $ : CTA(Fi) M CFD(Y 2 ) -»■ CT(F). 

We recall the following theorem from [2] . 

Theorem 4.1 ( [2, Thm. 1.3]). 77ze /nap (4.0.1) is a homotopy equivalence. 
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Let S(Hi) x F S(H 2 ) denote the set of elements of the form ([fx], [v 2 ]) with [fx] G S(Hx) 
and [v 2 ] G S(H 2 ), sucri that [fx] and [v 2 ] agree along F. Recall that G{Z\) = G(—Z 2 ) acts 
on S(H\) on the right and on S(H 2 ) on the left. We now define S(H\) ®g{Zi) S{% 2 ) to be the 
quotient of S{%i) x F S(H 2 ) by the equivalence relation given by (£1 • a, £ 2 ) ~ (£1, a • £2), where 
& G S'('Hi) for z = 1, 2 and a G G[Z^). Recall from [1] that the absolute grading on CF(Y) takes 
value in Vect(F). Now given nonvanishing vector fields v\ in Y\ and v 2 in F 2 , which agree along 
dY 1 = —dY 2 , we obtain a vector field v 1 ■ v 2 on F by gluing along the boundary. Therefore we 
obtain a map 

^:5(^ 1 )® G(2l)1 S(^ 2 )^Vect(F). 
We have the following proposition. 
Proposition 4.2. The map ^ is a bijection. 

Proof. To show that \I/ is surjective, let v be a nonvanishing vector field on Y and write v = 
Vi ■ v 2 , where V\ and v 2 are nonvanishing vector fields on Fx and Y 2 , respectively. Now we fix a 
trivialization of TY, and hence a trivialization of TY\p. By the Pontryagin-Thom construction, 
two maps F — > S 2 are isomorphic if, and only if, their pullback of the generator of H 2 (S 2 ;Z) 
coincide. We observe that the pullback map t* : i/ 2 (Fx,Z) — > H 2 (F) is trivial. Hence v\\f is 
homotopic to the constant map F — > S 2 . Now fix s C [0, 2k], such that |s| = k. Since we can 
extend v s to a vector field in F, it follows that v s is again homotopic to the constant map. Therefore 
there exists a nonvanishing vector field u in F x [0, 1] such that f |fx{o} = and m|fx{i} = ^s- 
Let w denote the inverse of the homotopy determined by u. It follows that v-y ■ u ■ u ■ v 2 is homotopic 
to Vi ■ v 2 . So \&([i>i ■ u] ® [u ■ v 2 ]) = [vi ■ v 2 ]. Hence ^ is surjective. 

Now let [fx], [tux] G S'('Hi) and [f 2 ], [fJ 2 ] G S r (7f 2 ) such that tfflvj ® [f 2 ]) = ® [u> 2 ])- 

So [fx • f 2 ] = [wi ■ w 2 ] as elements in Vect(F). Let H : Y x [0, 1] denote the homotopy from fx • v 2 
to u>x • w 2 . Let w be the restriction of H to F x [0, 1]. So w|f x {o} = Vi\f and w|fx{i} = w\\f- We 
observe that [fx • u] = [wi] G S(Hi) and that [u • fx] = [w 2 ] G S{H 2 ). So 

M ® M = [Vi ■ U] ® [u • f 2 ] = [fJx] ® M G S(fti) <8> G(i5l) 

Therefore ^ is injective. □ 

We can now prove that the map (4.0.1) preserves the absolute grading. 

Theorem 4.3. Given xx G <S(Hi) and x 2 G 0(K 2 ), swc/z thatxi <g> x 2 7^ 0. TTien 

gr($(xx ® x 2 )) = ^(gr(xx) ® gr(x 2 )). 

Proof. This follows immediately from our construction of the gradings in §3.3 and from the defi- 
nition of the grading on Heegaard Floer homology in [1, §2]. □ 
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